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We summarize our axioms for higher categories, and describe the
“blob complex.” Fixing an n-category C, the blob complex associ-
ates a chain complex BðW ;CÞ to any n-manifold W . The zeroth
homology of this chain complex recovers the usual topological
quantum field theory invariants of W . The higher homology
groups should be viewed as generalizations of Hochschild homol-
ogy (indeed, whenW ¼ S1, they coincide). The blob complex has a
very natural definition in terms of homotopy colimits along decom-
positions of the manifoldW . We outline the important properties
of the blob complex and sketch the proof of a generalization of
Deligne’s conjecture on Hochschild cohomology and the little discs
operad to higher dimensions.
The aim of this paper is to describe a derived category analogueof topological quantum field theories. For our purposes, an
(nþ 1)-dimensional topological quantum field theory (TQFT)
is a locally defined system of invariants of manifolds of dimen-
sions 0 through (nþ 1). In particular, the TQFT invariant
AðY Þ of a closed k-manifold Y is a linear ðn − kÞ category. If
Y has boundary then AðY Þ is a collection of ðn − kÞ categories
that afford a representation of the ðn − kþ 1Þ category Að∂Y Þ
(see ref. 1 and references therein; for a more homotopy-theoretic
point of view, see ref. 2).
We now comment on some particular values of k above. A lin-
ear 0 category is a vector space, and a representation of a vector
space is an element of the dual space. Thus a TQFT assigns to
each closed n-manifold Y a vector space AðY Þ, and to each
ðnþ 1Þ-manifold W an element of Að∂W Þ. For the remainder
of this paper, we will in fact be interested in so-called ðnþ ϵÞ-di-
mensional TQFTs, which are slightly weaker structures in that
they assign invariants to mapping cylinders of homeomorphisms
between n-manifolds, but not to general ðnþ 1Þ-manifolds.
When k ¼ n − 1, we have a linear 1-category AðSÞ for each
ðn − 1Þ-manifold S, and a representation of Að∂Y Þ for each
n-manifold Y . The TQFT gluing rule in dimension n states that
AðY 1∪SY 2Þ ≅ AðY 1Þ ⊗AðSÞ AðY 2Þ, where Y 1 and Y 2 are n-mani-
folds with common boundary S.
When k ¼ 0, we have an n-category AðptÞ. This can be thought
of as the local part of the TQFT, and the full TQFT can be
reconstructed from AðptÞ via colimits (see below).
We call a TQFT semisimple if AðSÞ is a semisimple 1-category
for all ðn − 1Þ-manifolds S and AðY Þ is a finite-dimensional vector
space for all n-manifolds Y . Examples of semisimple TQFTs
include Witten–Reshetikhin–Turaev (WRT) theories, Turaev–
Viro theories, and Dijkgraaf–Witten theories. These can all be
given satisfactory accounts in the framework outlined above.
(The WRT invariants need to be reinterpreted as (3þ 1)-dimen-
sional theories with only a weak dependence on interiors in order
to be extended all the way down to dimension 0.)
For other nonsemisimple TQFT-like invariants, however, the
above framework seems to be inadequate. For example, the glu-
ing rule for 3-manifolds in Ozsváth–Szabó/Seiberg–Witten theory
involves a tensor product over an A∞ 1-category associated to
2-manifolds (3, 4). Long exact sequences are important computa-
tional tools in these theories, and also in Khovanov homology, but
the colimit construction breaks exactness. For these reasons and
others, it is desirable to extend the above framework to incorpo-
rate ideas from derived categories.
One approach to such a generalization might be to simply
define a TQFT via its gluing formulas, replacing tensor products
with derived tensor products (cf. ref. 5). However, it is probably
difficult to prove the invariance of such a definition, as the object
associated to a manifold will a priori depend on the explicit pre-
sentation used to apply the gluing formulas. We instead give a
manifestly invariant construction and deduce from it the gluing
formulas based on A∞ tensor products.
This paper is organized as follows. We first give an account of
our version of n-categories. According to our definition, n-cate-
gories are, among other things, functorial invariants of k-balls,
0 ≤ k ≤ n, which behave well with respect to gluing. We then
show how to extend an n-category from balls to arbitrary k-mani-
folds, using colimits and homotopy colimits. This extension,
which we call the blob complex, has as zeroth homology the usual
TQFT invariant. (The name comes from the “blobs” which fea-
ture prominently in a concrete version of the homotopy colimit.)
We then review some basic properties of the blob complex and
finish by showing how it yields a higher categorical and higher
dimensional generalization of Deligne’s conjecture on Hochs-
child cochains and the little 2-disks operad.
At several points, we only sketch an argument briefly; full
details can be found in ref. 1. In this paper, we attempt to give
a clear view of the big picture without getting bogged down in
technical details.
Definitions
Disk-Like n-Categories. In this section, we give a definition of n-ca-
tegories designed to work well with TQFTs. The main idea is to
base the definition on actual balls, rather than combinatorial
models of them. This approach has the advantages of avoiding
a proliferation of coherency axioms and building in a strong ver-
sion of duality from the start.
Of course, there are currently many interesting alternative
notions of n-category. We note that our n-categories are both
more and less general than the “fully dualizable” ones which
play a prominent role in ref. 2. They are more general in that
we make no duality assumptions in the top dimension nþ 1. They
are less general in that we impose stronger duality requirements
in dimensions 0 through n. Thus our n-categories correspond
to ðnþ ϵÞ-dimensional unoriented or oriented TQFTs, whereas
Lurie’s (fully dualizable) n-categories correspond to ðnþ 1Þ-di-
mensional framed TQFTs (2).
We will define two variations simultaneously, as all but one
of the axioms are identical in the two cases. These variations
are “ordinary n-categories,” where homeomorphisms fixing the
boundary act trivially on the sets associated to n-balls (and these
sets are usually vector spaces or more generally modules over a
commutative ring) and “A∞ n-categories,” where there is a homo-
topy action of k-parameter families of homeomorphisms on these
sets (which are usually chain complexes or topological spaces).
There are five basic ingredients of an n-category definition:
k-morphisms (for 0 ≤ k ≤ n), domain and range, composition,
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identity morphisms, and special behavior in dimension n (e.g.,
enrichment in some auxiliary category, or strict associativity in-
stead of weak associativity). We will treat each of these in turn.
To motivate our morphism axiom, consider the venerable
notion of the Moore loop space (6, section 2.2). In the standard
definition of a loop space, loops are always parameterized by the
unit interval I ¼ ½0; 1, so composition of loops requires a repar-
ameterization I ∪ I ≅ I, which leads to a proliferation of higher
associativity relations. Although this proliferation is manageable
for 1-categories (and indeed leads to an elegant theory of Stasheff
polyhedra and A∞ categories), it becomes undesirably complex
for higher categories. In a Moore loop space, we have a separate
space Ωr for each interval ½0; r, and a strictly associative composi-
tion Ωr × Ωs → Ωrþs. Thus we can have the simplicity of strict
associativity in exchange for more morphisms. We wish to imitate
this strategy in higher categories. Because we are mainly inter-
ested in the case of pivotal n-categories, we replace the intervals
½0; r not with a product of k intervals (cf. ref. 7) but rather with
any k-ball, that is, any k-manifold which is homeomorphic to the
standard k-ball Bk.
By default, our balls are unoriented, but it is useful at times to
add more structure, for example, by considering oriented or spin
balls. We can also consider more exotic structures, such as balls
with a map to some target space, or equipped withm independent
vector fields. (The latter structure would model n-categories with
less duality than we usually assume.)
Axiom 1. (Morphisms) For each 0 ≤ k ≤ n, we have a functor Ck
from the category of k-balls and homeomorphisms to the category of
sets and bijections.
Note that the functoriality in the above axiom allows us to
operate via homeomorphisms, which are not the identity on
the boundary of the k-ball. The action of these homeomorphisms
gives the pivotal structure. For this reason, we do not subdivide
the boundary of a morphism into domain and range in the next
axiom—the duality operations can convert between domain
and range.
Later, we inductively define an extension of the functors Ck
to functors C
→k
defined on arbitrary manifolds. We need these
functors for k-spheres, for k < n, for the next axiom.
Axiom 2. (Boundaries) For each k-ball X , we have a map of
sets ∂: CkðXÞ → C→ k−1ð∂XÞ. These maps, for various X , comprise
a natural transformation of functors.
For c ∈ C
→ k−1
ð∂XÞ, we define CkðX ; cÞ ¼ ∂−1ðcÞ.
Many of the examples we are interested in are enriched in
some auxiliary category S (e.g., vector spaces or rings, or, in
the A∞ case, chain complexes or topological spaces). In the
top dimension k ¼ n, the sets CnðX ; cÞ have the structure of
an object of S, and all of the structure maps of the category
(above and below) are compatible with the S structure
on CnðX ; cÞ.
Given two hemispheres (a “domain” and “range”) that agree
on the equator, we need to be able to assemble them into a
boundary value of the entire sphere.
Lemma 3.Let S ¼ B1∪EB2, where S is a (k − 1)-sphere ð1 ≤ k ≤ nÞ,
Bi is a (k − 1)-ball, and E ¼ B1 ∩ B2 is a (k − 2)-sphere (Fig. 1). Let
CðB1Þ ×C
→
ðEÞ CðB2Þ denote the fibered product of the two maps
∂: CðBiÞ → C→ðEÞ. Then we have an injective map
glE: CðB1Þ ×C
→
ðEÞ CðB2Þ↪C→ðSÞ
which is natural with respect to the actions of homeomorphisms.
If ∂B ¼ S, we denote ∂−1ðimðglEÞÞ by CðBÞE.
Axiom 4. (Gluing) Let B ¼ B1∪YB2, where B, B1, and B2 are k-balls
(0 ≤ k ≤ n) and Y ¼ B1 ∩ B2 is a (k − 1)-ball (Fig. 2). Let
E ¼ ∂Y , which is a (k − 2)-sphere. We have restriction maps
CðBiÞE → CðY Þ. Let CðB1ÞE ×CðY Þ CðB2ÞE denote the fibered pro-
duct of these two maps. We have a map
glY : CðB1ÞE ×CðY Þ CðB2ÞE → CðBÞE
which is natural with respect to the actions of homeomorphisms and
also compatible with restrictions to the intersection of the boundaries
of B and Bi. If k < n, or if k ¼ n and we are in the A∞ case, we
require that glY is injective. (For k ¼ n in the ordinary n-category
case, see Axiom 7.)
Axiom 5. (Strict associativity) The gluing maps above are strictly
associative. Given any decomposition of a ball B into smaller balls
⨆ Bi → B;
any sequence of gluings (where all the intermediate steps are also
disjoint unions of balls) yields the same result.
Fig. 1. Combining two balls to get a full boundary.
Fig. 2. From two balls to one ball.
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Note that, even though our n-categories are “weak” in the tra-
ditional sense, we can require strict associativity because we have
more morphisms (compare discussion of Moore loops above).
For the next axiom, a pinched product is a map locally modeled
on a degeneracy map between simplices.
Axiom 6. (Product/identity morphisms) For each pinched product
π: E → X , with X a k-ball and E a (kþm)-ball (m ≥ 1), there is
a map π: CðXÞ → CðEÞ. These maps must be (i) natural with
respect to maps of pinched products, (ii) functorial with respect
to composition of pinched products, and (iii) compatible with gluing
and restriction of pinched products.
To state the next axiom, we need the notion of collar maps on
k-morphisms. Let X be a k-ball and Y ⊂ ∂X be a ðk − 1Þ-ball. Let
J be a 1-ball. Let Y ×p J denote Y × J pinched along ð∂Y Þ × J. A
collar map is an instance of the composition
CðXÞ→ CðX∪Y ðY ×p JÞÞ → CðXÞ;
where the first arrow is gluing with a product morphism on
Y ×p J and the second is induced by a homeomorphism from
X∪Y ðY ×p JÞ to X which restricts to the identity on the boundary.
Axiom 7. (For ordinary n-categories: extended isotopy invariance in
dimension n.) Let X be an n-ball and f : X → X be a homeomorph-
ism which restricts to the identity on ∂X and isotopic (rel boundary)
to the identity. Then f acts trivially onCðXÞ. In addition, collar maps
act trivially on CðXÞ.
For A∞ n-categories, we replace isotopy invariance with the
requirement that families of homeomorphisms act. For the
moment, assume that our n-morphisms are enriched over chain
complexes. Let Homeo∂ðXÞ denote homeomorphisms of X which
fix ∂X and CðHomeo∂ðXÞÞ denote the singular chains on this
space.
Axiom 8. (For A∞ n-categories: families of homeomorphisms act in
dimension n.) For each n-ball X and each c ∈ C
→
ð∂XÞ, we have a
map of chain complexes
CðHomeo∂ðXÞÞ ⊗ CðX ; cÞ → CðX ; cÞ:
These action maps are required to restrict to the usual action of
homeomorphisms on C0, be associative up to homotopy, and also
be compatible with composition (gluing) in the sense that a diagram
like the one in Theorem 18 commutes.
Example (the Fundamental n-Groupoid). We will define π≤nðTÞ, the
fundamental n-groupoid of a topological space T. When X is a
k-ball with k < n, define π≤nðTÞðXÞ to be the set of continuous
maps from X to T. When X is an n-ball, define π≤nðTÞðXÞ to be
homotopy classes (rel boundary) of such maps. Define boundary
restrictions and gluing in the obvious way. If ρ: E → X is a
pinched product and f : X → T is a k-morphism, define the pro-
duct morphism ρðf Þ to be f ∘ ρ.
We can also define an A∞ version π∞≤nðTÞ of the fundamental
n-groupoid. For X an n-ball define π∞≤nðTÞðXÞ to be the space of
all maps from X to T (if we are enriching over spaces) or the
singular chains on that space (if we are enriching over chain
complexes).
Example (String Diagrams). Fix a “traditional” pivotal n-category C
(e.g., a pivotal 2-category). Let X be a k-ball and define SCðXÞ to
be the set of C string diagrams drawn on X ; that is, certain cell
complexes embedded in X , with the codimension-j cells labeled
by j-morphisms of C. If X is an n-ball, identify two such string
diagrams if they evaluate to the same n-morphism of C. Boundary
restrictions and gluing are again straightforward to define. Define
product morphisms via product cell decompositions.
Example (Bordism).When X is a k-ball with k < n, BordnðXÞ is the
set of all k-dimensional submanifoldsW in X ×R∞ which project
to X transversely to ∂X . For an n-ball X define BordnðXÞ to
be homeomorphism classes rel boundary of such n-dimensional
submanifolds.
There is an A∞ analogue enriched in topological spaces, where
at the top level we take all such submanifolds, rather than home-
omorphism classes. For each fixed ∂W ⊂ ∂X ×R∞, we topologize
the set of submanifolds by ambient isotopy rel boundary.
The Blob Complex. Decompositions of manifolds.Our description of
an n-category associates data to each k-ball for k ≤ n. In order to
define invariants of n-manifolds, we will need a class of decom-
positions of manifolds into balls. We present one choice here, but
alternatives of varying degrees of generality exist, for example,
handle decompositions or piecewise-linear CW-complexes (8).
A ball decomposition of a k-manifold W is a sequence of glu-
ings M0 → M1 → ⋯ → Mm ¼ W such that M0 is a disjoint union
of balls ⊔aXa and eachMi is a manifold. If Xa is some component
ofM0, its image inW need not be a ball; ∂Xa may have been glued
to itself. A permissible decomposition of W is a map
∐
a
Xa → W;
which can be completed to a ball decomposition ⊔aXa ¼
M0 → ⋯ → Mm ¼ W . A permissible decomposition is weaker
than a ball decomposition; we forget the order in which the
balls are glued up to yield W , and just require that there is some
nonpathological way to assemble the balls via gluing.
Given permissible decompositions x ¼ fXag and y ¼ fYbg of
W , we say that x is a refinement of y, or write x ≤ y, if there is a
ball decomposition ⊔aXa ¼ M0 →⋯ → Mm ¼ W with ⊔bYb ¼
Mi for some i, and each Mi with j < i is also a disjoint union
of balls.
Definition 9: The poset DðW Þ has objects the permissible decom-
positions of W , and a unique morphism from x to y if and only if
x is a refinement of y. See Fig. 3 for an example.
This poset in fact has more structure, because we can glue
together permissible decompositions of W 1 and W 2 to obtain
a permissible decomposition of W 1⊔W 2.
An n-category C determines a functor ψC;W fromDðW Þ to the
category of sets (possibly with additional structure if k ¼ n). Each
k-ball X of a decomposition y ofW has its boundary decomposed
into (k − 1)-manifolds, and there is a subset CðXÞ⋔ ⊂ CðXÞ of
morphisms whose boundaries are splittable along this decompo-
sition.
Definition 10: Define the functor ψC;W : DðW Þ → set as follows.
For a decomposition x ¼ ⨆aXa in DðW Þ, ψC;W ðxÞ is the subset
ψC;W ðxÞ ⊂
Y
a
CðXaÞ⋔;
where the restrictions to the various pieces of shared boundaries
among the balls Xa all agree (similar to a fibered product). When
k ¼ n, the “subset” and “product” in the above formula should be
interpreted in the appropriate enriching category. If x is a refine-
ment of y, the map ψC;W ðxÞ → ψC;W ðyÞ is given by the composi-
tion maps of C.
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Colimits.Recall that our definition of an n-category is essentially a
collection of functors defined on the categories of homeomorph-
isms of k-balls for k ≤ n satisfying certain axioms. It is natural to
hope to extend such functors to the larger categories of all
k-manifolds (again, with homeomorphisms). In fact, the axioms
stated above already require such an extension to k-spheres
for k < n.
The natural construction achieving this aim is a colimit along
the poset of permissible decompositions. Given an ordinary n-ca-
tegory C, we will denote its extension to all manifolds by C
→
. On a
k-manifold W , with k ≤ n, this is defined to be the colimit along
DðW Þ of the functor ψC;W . Note that Axioms 4 and 5 imply that
C
→
ðXÞ ≅ CðXÞ when X is a k-ball with k < n. Suppose that C is
enriched in vector spaces: This means that given boundary con-
ditions c ∈ C
→
ð∂XÞ, for X an n-ball, the set CðX ; cÞ is a vector
space. In this case, for W an arbitrary n-manifold and
c ∈ C
→
ð∂W Þ, the set C
→
ðW ; cÞ ¼ ∂−1ðcÞ inherits the structure of
a vector space. These are the usual TQFTskein module invariants
on n-manifolds.
We can now give a straightforward but rather abstract defini-
tion of the blob complex of an n-manifold W with coefficients in
the n-category C as the homotopy colimit along DðW Þ of the
functor ψC;W described above. We denote this construction
by C
→ h
ðW Þ.
An explicit realization of the homotopy colimit is provided by
the simplices of the functor ψC;W . That is,
C
→ h
ðW Þ ¼⨁
x¯
ψC;W ðx0Þ½m;
where x¯ ¼ x0 ≤ ⋯ ≤ xm is a simplex in DðW Þ. The differential
acts on ðx¯;aÞ [here a ∈ ψC;W ðx0Þ] as
∂ðx¯; aÞ ¼ ðx¯; ∂aÞ þ ð−1Þdeg a

ðd0x¯; gðaÞÞ þ∑
m
i¼1
ð−1Þiðdix¯; aÞ

where g is the gluing map from x0 to x1, and dix¯ denotes the ith
face of the simplex x¯.
Alternatively, we can take advantage of the product structure
on DðW Þ to realize the homotopy colimit via the cone-product
polyhedra in DðW Þ. A cone-product polyhedra is obtained from
a point by successively taking the cone or taking the product with
another cone-product polyhedron. Just as simplices correspond
to linear directed graphs, cone-product polyhedra correspond
to directed trees: Taking cone adds a new root before the existing
root, and taking product identifies the roots of several trees. The
“local homotopy colimit” is then defined according to the same
formula as above, but with x¯ a cone-product polyhedron inDðW Þ.
We further require that all (compositions of) morphisms in a
directed tree are not expressible as a product. The differential
acts on ðx¯; aÞ both on a and on x¯, applying the appropriate gluing
map to a when required. A Eilenberg–Zilber subdivision argu-
ment shows this is the same as the usual realization.
When C is the ordinary n-category based on string diagrams
for a traditional n-category C, one can show (1) that the above
two constructions of the homotopy colimit are equivalent to
the more concrete construction that we describe next, and which
we denote BðW ;CÞ. Roughly speaking, the generators of
BkðW ;CÞ are string diagrams onW together with a configuration
of k balls (or blobs) in W whose interiors are pairwise disjoint or
nested. The restriction of the string diagram to innermost blobs
is required to be “null” in the sense that it evaluates to a zero
n-morphism of C. The next few paragraphs describe this in more
detail.
We will call a string diagram on a manifold a “field.” (See ref. 1
for a more general notion of field.)
We say a collection of balls fBig in a manifoldW is permissible
if there exists a permissible decomposition M0 → ⋯ → Mm ¼ W
such that each Bi appears as a connected component of one of the
Mj. Note that this forces the balls to be pairwise either disjoint or
nested. Such a collection of balls cuts W into pieces, the con-
nected components ofW \ ⋃ ∂Bi. These pieces need not be mani-
folds, but they can be further subdivided into pieces which are
manifolds and which fit into a permissible decomposition of W .
The k-blob group BkðW ;CÞ is generated by the k-blob dia-
grams. A k-blob diagram consists of (i) a permissible collection
of k embedded balls, and (ii) a linear combination s of string
diagrams onW , such that (i) there is a permissible decomposition
ofW , compatible with the k blobs, such that s is the result of glu-
ing together linear combinations of fields si on the initial pieces
Xi of the decomposition (for fixed restrictions to the boundaries
of the pieces), (ii) the si corresponding to an innermost blob
evaluates to zero in C, and (iii) the si value corresponding to
any other piece is a single field (a linear combination with only
one term). We call such linear combinations that evaluate to zero
on a blob B a “null field on B.”
The differential acts on a k-blob diagram by summing over
ways to forget one of the k blobs, with alternating signs.
We now spell this out for some small values of k. For k ¼ 0, the
0-blob group is simply linear combinations of fields (string
diagrams) on W . For k ¼ 1, a generator consists of a field on
W and a ball, such that the restriction of the field to that ball
is a null field. The differential simply forgets the ball. Thus we
see that H0 of the blob complex is the quotient of fields by fields
which are null on some ball.
For k ¼ 2, we have a two types of generators; they each consists
of a field f on W , and two balls B1 and B2. In the first case, the
balls are disjoint, and f restricted to either of the Bi is a null field.
In the second case, the balls are properly nested, say B1 ⊂ B2, and
f restricted to B1 is null. Note that this implies that f restricted to
B2 is also null, by the associativity of the gluing operation. This
ensures that the differential is well defined.
Properties of the Blob Complex
Formal Properties. The blob complex enjoys the following list
of formal properties. The first three are immediate from the
definitions.
Property 11: (Functoriality) The blob complex is functorial
with respect to homeomorphisms. That is, for a fixed n-category
C, the association
X ↦BðX ;CÞ
Fig. 3. A small part of DðWÞ.
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is a functor from n-manifolds and homeomorphisms between
them to chain complexes and isomorphisms between them.
As a consequence, there is an action of HomeoðXÞ on the
chain complex BðX ;CÞ; this action is extended to all of
CðHomeoðXÞÞ in Theorem 18 below.
Property 12: (Disjoint union) The blob complex of a disjoint
union is naturally isomorphic to the tensor product of the blob
complexes.
BðX1⊔X2Þ ≅BðX1Þ ⊗BðX2Þ:
If an n-manifold X contains Y⊔Y op (we allow Y ¼ ∅) as a
codimension 0 submanifold of its boundary, write X⋃Y ↺ for
the manifold obtained by gluing together Y and Y op.
Property 13: (Gluing map) Given a gluing X → X⋃Y ↺ , there
is a map
BðXÞ →BðX⋃
Y
↺ Þ;
natural with respect to homeomorphisms, and associative with
respect to iterated gluings.
Property 14: (Contractibility) The blob complex on an n-ball is
contractible in the sense that it is homotopic to its zeroth homol-
ogy, and this is just the vector space associated to the ball by the
n-category.
BðBn;CÞ→≃H0ðBðBn;CÞÞ→≅CðBnÞ:
Proof: (Sketch) For k ≥ 1, the contracting homotopy sends a
k-blob diagram to the ðkþ 1Þ-blob diagram obtained by adding
an outer ðkþ 1Þ-st blob consisting of all Bn. For k ¼ 0, we choose
a splitting s: H0ðBðBnÞÞ→B0ðBnÞ and send x ∈B0ðBnÞ to
x − sð½ x Þ, where ½ x  denotes the image of x in H0ðBðBnÞÞ.
If C is an A∞ n-category, then BðBn;CÞ is still homotopy
equivalent toCðBnÞ, but is no longer concentrated in degree zero.
Specializations. The blob complex has several important special
cases.
Theorem 15. (Skein modules) Suppose C is an ordinary n-category.
The zeroth blob homology of X is the usual (dual) TQFT Hilbert
space (also known as the skein module) associated to X by C.
H0ðBðX ;CÞÞ ≅ C→ðXÞ:
This follows from the fact that the zeroth homology of a homo-
topy colimit is the usual colimit, or directly from the explicit
description of the blob complex.
Theorem 16. (Hochschild homology when X ¼ S1) The blob
complex for a 1-category C on the circle is quasi-isomorphic to the
Hochschild complex.
BðS1;CÞ→≅
qi
HochðCÞ:
This theorem is established by extending the statement to
bimodules as well as categories, then verifying that the universal
properties of Hochschild homology also hold for BðS1;−Þ.
Theorem 17. (Mapping spaces) Let π∞≤nðTÞ denote the A∞ n-category
based on maps Bn → T. (The case n ¼ 1 is the usual A∞-category
of paths in T.) Then
BðX ; π∞≤nðTÞÞ≃ CðMapsðX → TÞÞ:
This says that we can recover (up to homotopy) the space
of maps to T via blob homology from local data. Note that
there is no restriction on the connectivity of T as there is for the
corresponding result in topological chiral homology (9, theorem
3.8.6). The result is proved in ref. 1, section 7.3.
Structure of the Blob Complex. In the following CHðXÞ ¼
CðHomeoðXÞÞ is the singular chain complex of the space of
homeomorphisms of X , fixed on ∂X .
Theorem 18. There is a chain map
eX : CHðXÞ ⊗BðXÞ →BðXÞ
such that
1. Restricted to CH0ðXÞ this is the action of homeomorphisms
described in Property 11.
2. For any codimension 0-submanifold Y⊔Y op ⊂ ∂X the follow-
ing diagram (using the gluing maps described in Property 13)
commutes (up to homotopy).
Further, this map is associative, in the sense that the following
diagram commutes (up to homotopy).
Proof: (Sketch) We introduce yet another homotopy equivalent
version of the blob complex, BTðXÞ. Blob diagrams have a
natural topology, which is ignored by BðXÞ. In BTðXÞ, we
take this topology into account, treating the blob diagrams as
something analogous to a simplicial space (but with cone-product
polyhedra replacing simplices). More specifically, a generator of
BTkðXÞ is an i-parameter family of j-blob diagrams, with
iþ j ¼ k. An essential step in the proof of this equivalence is a
result to the effect that a k-parameter family of homeomorphisms
can be localized to at most k small sets.
With this alternate version in hand, the theorem is straight-
forward. By functoriality (Property 11) HomeoðXÞ acts on the
set BDjðXÞ of j-blob diagrams, and this induces a chain map
CHðXÞ ⊗ CðBDjðXÞÞ→ CðBDjðXÞÞ and hence a map
eX : CHðXÞ ⊗BTðXÞ →BTðXÞ. It is easy to check that eX
thus defined has the desired properties.
Theorem 19. Let C be a topological n-category. Let Y be an
(n − k)-manifold. There is an A∞ k-category BðY ;CÞ, defined
on each m-ball D, for 0 ≤ m < k, to be the set
BðY ;CÞðDÞ ¼ C→ðY ×DÞ
and on k-balls D to be the set
BðY ;CÞðDÞ ¼BðY ×D;CÞ:
(When m ¼ k, the subsets with fixed boundary conditions form a
chain complex.) These sets have the structure of an A∞ k-category,
Morrison and Walker PNAS ∣ May 17, 2011 ∣ vol. 108 ∣ no. 20 ∣ 8143
M
AT
H
EM
AT
IC
S
SP
EC
IA
L
FE
AT
U
RE
with compositions coming from the gluing map in Property 13
and with the action of families of homeomorphisms given in
Theorem 18.
Remark:When Y is a point, this produces an A∞ n-category from a
topological n-category, which can be thought of as a free resolu-
tion. This result is described in more detail as example 6.2.8
of ref. 1.
Fix a topological n-category C, which we will now omit from
notation. From the above, associated to any ðn − 1Þ-manifold Y is
an A∞ category BðY Þ.
Theorem 20. (Gluing formula) (i) For any n-manifold X , with Y a
codimension 0-submanifold of its boundary, the blob complex of X
is naturally an A∞ module for BðY Þ. (ii) The blob complex of a
glued manifold X⋃Y ↺ is the A∞ self-tensor product ofBðXÞ as a
BðY Þ-bimodule:
B

X⋃
Y
↺

≃BðXÞ ⨂
A∞
BðY Þ
↺ :
Proof: (Sketch) The A∞ action of BðY Þ follows from the natur-
ality of the blob complex with respect to gluing and the
CðHomeoð−ÞÞ action of Theorem 18.
Let T denote the self-tensor product of BðXÞ, which is a
homotopy colimit. There is a tautological map from the 0-sim-
plices of T to BðX⋃Y ↺ Þ, and this map can be extended to
a chain map on all of T by sending the higher simplices to zero.
Constructing a homotopy inverse to this natural map involves
making various choices, but one can show that the choices form
contractible subcomplexes and apply the acyclic models theorem.
We next describe the blob complex for product manifolds, in
terms of the blob complexes for the A∞ n-categories constructed
as above.
Theorem 21. (Product formula) Let W be a k-manifold and Y be an
(n − k)-manifold. LetC be an ordinary n-category. LetBðY ;CÞ be
the A∞ k-category associated to Y as above. Then,
BðY ×W ;CÞ≃BðY ;CÞh!ðW Þ:
That is, the blob complex of Y ×W with coefficients in C is homo-
topy equivalent to the blob complex of W with coefficients
in BðY ;CÞ.
The statement can be generalized to arbitrary fiber bundles,
and indeed to arbitrary maps (see ref. 1, section 7.1).
Proof: (Sketch) The proof is similar to that of the second part
of Theorem 20. There is a natural map from the 0-simplices
of BðY ;CÞh!ðW Þ to BðY ×W ;CÞ, given by reinterpreting a
decomposition of W labeled by ðn − kÞ-morphisms of BðY ;CÞ
as a blob diagram on W × Y . This map can be extended to all of
BðY ;CÞh!ðW Þ by sending higher simplices to zero.
To construct the homotopy inverse of the above map, one first
shows thatBðY ×W ;CÞ is homotopy equivalent to the subcom-
plex generated by blob diagrams which are small with respect to
any fixed open cover of Y ×W . For a sufficiently fine open cover,
the generators of this “small” blob complex are in the image of
the map of the previous paragraph, and, furthermore, the pre-
image inBðY ;CÞh!ðW Þ of such small diagrams lie in contractible
subcomplexes. A standard acyclic models argument now con-
structs the homotopy inverse.
Extending Deligne’s Conjecture to n-Categories
Let M and N be n-manifolds with common boundary E. Recall
(Theorem 20) that the A∞ category A ¼BðEÞ acts on BðMÞ
andBðNÞ. Let homAðBðMÞ;BðNÞÞ denote the chain complex
of A∞ module maps from BðMÞ to BðNÞ. Let R be another
n-manifold with boundary Eop. There is a chain map
homAðBðMÞ; BðNÞÞ ⊗BðMÞ ⊗A BðRÞ →BðNÞ
⊗A BðRÞ:
We think of this map as being associated to a surgery which
cuts M out of M∪ER and replaces it with N, yielding N∪ER.
(This is a more general notion of surgery than usual: M and N
can be any manifolds which share a common boundary.) In
analogy to Hochschild cochains, we will call elements of
homAðBðMÞ;BðNÞÞ “blob cochains.”
Recall (Theorem 18) that chains on the space of mapping
cylinders also act on the blob complex. An n-dimensional surgery
cylinder is defined to be a sequence of mapping cylinders and
surgeries (Fig. 4), modulo changing the order of distant surgeries,
and conjugating a submanifold not modified in a surgery by a
homeomorphism. One can associate to these data an ðnþ 1Þ-
manifold with a foliation by intervals, and the relations we impose
correspond to homeomorphisms of the ðnþ 1Þ-manifolds which
preserve the foliation.
Surgery cylinders form an operad, by gluing the outer bound-
ary of one cylinder into an inner boundary of another.
Theorem 22. (Higher dimensional Deligne conjecture) The singular
chains of the n-dimensional surgery cylinder operad act on blob
cochains.
More specifically, let M0; N0;…;Mk; Nk be n-manifolds and
let SCn
M; N
denote the component of the operad with outer
boundary M0∪N0 and inner boundaries M1∪N1; …; Mk∪Nk.
Then there is a collection of chain maps
CðSCnM; NÞ ⊗ homðBðM1Þ; BðN1ÞÞ ⊗ ⋯
⊗ homðBðMkÞ; BðNkÞÞ
→ homðBðM0Þ; BðN0ÞÞ
that satisfy the operad compatibility conditions.
Proof: (Sketch) We have already defined the action of mapping
cylinders, in Theorem 18, and the action of surgeries is just
composition of maps of A∞-modules. We only need to check that
the relations of the surgery cylinder operad are satisfied. This
follows from the locality of the action of CHð−Þ (i.e., that it
is compatible with gluing) and associativity.
Consider the special case where n ¼ 1 and all of the manifolds
Mi andNi are intervals. We have that SC1M; N is homotopy equiva-
Fig. 4. An n-dimensional surgery cylinder.
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lent to the little disks operad and homðBðMiÞ; BðNiÞÞ is
homotopy equivalent to Hochschild cochains. This special case
is just the usual Deligne conjecture (see refs. 10–14).
The general case when n ¼ 1 goes beyond the original Deligne
conjecture, as the manifoldsMi andNi could be disjoint unions of
intervals and circles, and the surgery cylinders could be high
genus surfaces.
If all of the manifolds Mi and Ni are n-balls, then SCnM; N con-
tains a copy of the little ðnþ 1Þ-balls operad. Thus, the little
ðnþ 1Þ-balls operad acts on blob cochains of the n-ball.
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